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Abstract 

This paper is concerned with the connection between G-Brownian Mo¬ 
tion and analytic functions. We introduce the complex version of sublinear 
expectation, and then do the stochastic analysis in this framework. Fur¬ 
thermore, the conformal G-Brownian Motion is introduced together with 
a representation, and the corresponding conformal invariance is shown. 
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1 Introduction 

G-expectation was first introduced by peng to handle risk measures, stochastic 
volatility and model uncertainty(see[4],[5]). The idea of G-expectation lies in the 
new explanation of independence and distribution. The main difference between 
G-expectation and linear expectation is, of course, sublinearity, which is math¬ 
ematically explained by a powerful tool in PDE, viscosity solution theory. A 
typical G-expectation is constructed on linear space of random variables ^^(12), 
the completion of Lip{Q) of Lipschitz cylinder functions on d-dimensional con¬ 
tinuous path space ft = Gq[ 0, oo). The corresponding G-Brownian Motion on 
this space is the canonical process, i.e. Bt{uj) = uj{t),ui £ f2. A sublinear ex¬ 
pectation E on {ft, Lip{fl)) is defined as a viscosity solution of a heat equation, 
which is determined by a sublinear monotone function G. Then the random 
variable space Lip{ft) is extended to completion by the norm E[| • |], and we 
denote the completion as L}^{ft). By such construction, a time consistent con¬ 
ditional expectation is introduced naturally on L\^{ft). 

G-expectation theory is thriving in recent years.(see [2],[6], [7]) In classical 
case, we know there are many interesting connection between Brownian Motion 
and analytic functions. A fundamental one is Paul Levy's theorem, that is, if 
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f{z) is analytic nonconstant function, and Bt is a two dimensional Brownian 
Motion, the process f{Bt), t > 0 is again Brownian Motion, probably moving at 
a variable speed, (see [1]) Levy's result leads to the possibility to study analytic 
functions probabilistically. On the other hand, a beauty of linear expectation 
is that a distribution can be uniquely described by its characteristic function. 
However, there is little work on G-expectation under complex framework. 

In this paper, we give the stochastic analysis of G-expectation in complex 
case, and furthermore, the conformal G-Brownian Motion and conformal mar¬ 
tingales. We find that a special G-Brownian Motion, namely the conformal 
G-Brownian Motion still holds conformal invariance, i.e. it is still conformal af¬ 
ter a transformation by a nonconstant analytic function. We should notice that 
conformal G-Brownian Motion is much more complicated than the classical case. 

This paper is organized as follows. In section 2, we recall some basic results 
of G-Brownian. In section 3 and 4, we define the sublinear expectation under 
complex framework and the complex G-normal distribution and G-Brownian 
Motion. In the fifth part, we do the stochastic analysis in this framework and 
give ltd's formula. In the last part, we introduce the conformal martingale and 
prove conformal invariance. 


2 Preliminaries 

We start from some basic notes and results of G-expectation theory. More 
details can be read from [4], [5], [6]. 


2.1 Sublinear Expectation and G-Expectation 

Let H be a given set and 'H be a linear space of real valued functions on H 
containing constants. Furthermore, suppose |X| G H it X G H. The space fl is 
viewed as sample space and 'H is the space of random variables. 


Definition 2.1. A sublinear expectation 

(i) constant preserving: 

]E(c) = c, 

(ii) positive homogeneity: 

E{XX) = XE{X), 
(Hi) constant transferability: 

E(X + c)= E(W) -k c, 
(iv) monotonicity: 

E{Xi) > E{X2) 


E is a functional E : H > K. satisfying 

Vce M 

A > 0 X Gn 

cG R X gU 

if Xi > X2 
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The triple (Oj'HjE) is called a sublinear expectation space. 

Definition 2.2. Let Xi and X 2 be two n-dimensional random vectors de¬ 
fined respectively in sublinear expectation spaces (fii,"Hi,Ei) and (il 2 ,"^ 2 ,E 2 ). 
They are called identically distributed, denoted by Xi = X 2 , j/Ei[(^(Xi)] = 
E 2 [(/ 3 (X 2 )], for all ip e Cb.Lip(R'‘). 

Definition 2.3. In a sublinear expectation space (r2,7t,E), a random vector 
Y = (Yi,- • •, Y„), Yi € TL, is said to be independent of another random vector 
X = (Xi,- • ■,Xm), Xi € H under E[-], denoted by Y±X, if for every test 
function ip € Cb.Lipi^"^ x R”) we have E[(/ 3 (X, F)] = E[E[(^(a;, Y)]a;=x]- 

Definition 2.4. (maximal distribution) A d-dimensional random vector rj = 
(r/i,--- ,r]d) on a sublinear expectation space (rJj'HjE) is called maximal dis¬ 
tributed if rj satisfies: 


ar] -\- br] = (a + b)rj, a, 6 > 0, 

where fj is an independent copy ofr], i.e., fj = rj and ijl-rj. 

Remark 2.5. By the definition of maximal distribution, we can get that there 
exists a bounded, closed and convex subset T C such that for any G 
Cb.iipi^'^), we have: 

t[p{r])] = max <p{y). 
yer 

When d = 1, we have F = [jx,p], where p, = E[ 77 ] and ji = —E[— 77 ]. Furthermore, 

in this case we denote rj = N{{ji,p} x 0). 

In the classical case, the maximal distributed random is a constant. 

Definition 2.6. (G-normal distribution) A d-dimensional random vector X = 
(Xi,- • -jXd) in a sublinear expectation space (fij'HjE) is called G-normally 
distributed i/E[|Xp] < c» and for each a,b>Q 

aX + bX= Va2 + b'^X, 

where X is an independent copy of X, and 

G{A) := iE[(AX,X)] 

Here Sd denotes the collection of d x d symmetric matrices. 

By [ 6 ] we know that X = (Xi, • • • ,Xd) is G-normal distributed iff u{t,x) := 
E[(p(a; -I- v^X)], It, x) € [0, 00 ) x ip G Cb.Lipi^'^), is the viscosity solution of 
the following G-heat equation: 

dtu — G{D^u) = 0, u(0, x) = p{x). 
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The function G(-) : —>■ R is a monotonic, sublinear functional on Sd, from 
which we can deduce that there exists a bounded, convex and closed subset 
E C Sj such that 

G{A) = i sup tT[AB], 

^ BeE 

where Sj denotes the collection of nonnegative matrixes in Sd- 

Here is the typical construction of G-expectation from[5].For simplicity, we 
only consider the one dimensional condition. 

Let H = Co(R^) be the space of all R-valued continuous paths (a;t)tgR+, 
with Wo = 0 , equipped with the distance 

OO 

p(w\ w^) := 2-*[(max \ujI - ujf\) A 1], 

i—1 

and the canonical process is defined by Bt{uj) = wt, t G [0, oo), for w € H. Then 
we define 


Ljp(H) := {(f{Bt^,...,BtJ : n > G [0,oo),v5 G Gb.Lip(R”)}. 

Give a monotonic and sublinear function G : > R. The corresponding 

G-expectation E is a sublinear expectation on Lip(VL) satisfying: 

E[X] = E[ip{y/ti - ■ •, ^/tm- 

for all X = (p{Bt-^ - Bto.Bt., - Bt^,- ■ ■,Bt^ - Bt^_-^) with 0 < to < G < • • • < 
tm < oo, where ^i, • • ■,^n are identically distributed d-dimensional G-normally 
distributed random vectors in a sublinear expectation space (H, E) such that 
is independent of (^i, • • •, ^i) for every z = 1 , • • •, m — 1 . 

Definition 2.7. Let Lit = {w-At : w G H} for t > 0. For each ^ = ip{Bt^ — 
— Bt^,- ■ -TBt^ — Bt^_f), the conditional G-expectation off under Llt^ 
is defined by 

— Btfj,Bt2 — Bti, ■ ■ ■,Bt^ — 

= — Bta,Bt2 — Bt^, ■ ■ ■,Bt. — Bti_f), 

where 

(p{xi, ■ ■ ■,Xi) = E[(/5(xi, • • ■,Xi,Bt,^^ - Bt-,- ■ ■,Bt^ - Bt^_J]. 


For each fixed T > 0, we define 

LipiLlr) ■■= {(p{Bt^,...,BtJ :n>l,ti, ...,tn G [0,r], v? G Cb.Lip(W)}- 

It is simple that Lip^Llxi) C Lip{LlT 2 ) C LiplLl) for Ti < T 2 . Furthermore, we 
denote Lq{LI) and Lq{LIt), p > 1 as the completion of Lip{Ll) and Lip{LlT) 
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under the norm ||^||p = (]E[|^|p])^/^’. Consequently, L^q{Vl) C Lq{^1) for > 

P2 > 1- 

By the above construction we can get that the G-expectation E[-] can be 
continuously extended to a sublinear expectation on (^,^^(0)) and it is still 
denoted by ]£[•]. For each given t > 0, the conditional G-expectation £([•] : 

Lip{fl) — Lip{Q.t) can be continuously extended as a mapping ]Et[-] : L^[Vl) —>■ 
L^{nt) and satisfies the following properties: 

(i) liX,Y € X>Y, then Et[X] > Et[Y]] 

(ii) If X e Y e then E^X-hF] = X-hEt[r]; 

(iii) lfX,Y e L^(n), then Et[X + Y] < E*[X] -f E*[F]; 

(iv) If X € LQ{D,t) is bounded, Y G Lq(Q), then Et[XF] = X'''Et[F] -|- 

(v) If X G Lq{Q), then ]Es[Et[X]] = EsAt[-^], in particular, E[]Et[X]] = E[X]. 

2.2 Stochastic calculus under G-Expectation 

For a partition II = {tg, ti, - ■ ■ , of [0, T], we define 
rjtiuj) := ^k{i^)Iltk,tk+i)(t) 

where fc = 0,1,2, • • • , 1 are given. We denote these processes 

byMg’°(0,T). 

Definition 2.8. For anyq G Mq°(0,T), with the form r]t{uj) = Y^~Q^ki^)I[tk,tk+i){t)y 
the related Bochner integral on [0,r] is defined : 

.T N-l 

/ r]t{uj)dt ■= ^ £,k{uj){tk+i - tk) 
k=0 

We then complete the space Mq°( 0,T) under norm 

II ■ IIm {®[/o^ I ■ 1^^^]}^ nnd denote the completion as Mg(0,T). It is clear 
that Mq{0,T) C MQ(0,T),if 1 < g < p. Here is the definition of ltd's integral. 

Definition 2.9. For a t] G Mq°(0, T) of the form 

Vti^) = fk{^)I[tk,tk+i){'l‘) 

We define the itd integral as the following operator I[■) : Mq^{0,T) i—>■ Vq^^It) 
as following: 

T N-l 

Hv) = / VtdBt := 
do 

where Bt is a G-Brownian Motion, and G{a) = 0 < < 

< oo 
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Lemma 2.10. For the mapping I : Mq^{0,T) i—>■ we have: 


]E[ / ritdBt] = 0, 


E[\ ptdBtl'^] < cr^]E[/ \r]t\'^dt], 


( 1 ) 

( 2 ) 


Thus we can continuously extend / to a mapping from Mq{0, T) to Lq{Qt), 
which is also denoted as I. 

Definition 2.11. For a rj € Mq( 0,T), the stochastic integral is defined as 


[ ptdBt := /(??), 

Jo 

I ’HudBqj^ .— / I[s^t](^^')VudBif 

Js Jo 


Here is some basic properties of the integral of G-Brownian motion, and the 
proof is omitted. 

Proposition 2.12. For C S Mq{ 0, T), and 0<s<r<t<T, we have: 

(i) jl'nudBu = J^VudBuF J^PudBu- 

(a) f*{ar]u + (u)dBu = a PudBu + fl CudBu, where a is bounded in Lq(Hs). 
{Hi) E[X + r]udBu\^s\ = for X e 

Now we consider the quadratic variation process of G-Brownian motion 
{Bt)t>o with Bi = A^({0} x [ct^,ct^]). 

For a G-B.M. Bt and a partition Hat of [0, t]\ 0 = to < ti = t, 

notice 


N-l 


N -1 


B^ = E H .) + E (Bt-,, - %)^- 


3=0 

As IlHjvll —>■ 0, we can show that 

N-l 


3=0 


'S 2BfN {BtN — B^n) ^ ^ 2 [ B^dBu, 

^' i 3 + 1 3 /„ 

3=0 

so by the completeness of Lq{Q), (B^n — B^n)'^ must also converge in 

Ll{n). 

Definition 2,13. By the argument above, we define 

A^-l 

{B)t := lim V - B,n)^ 

3=0 

= B? - 2 f BrdBr, 


and call (B) the quadratic variation process of G-Brownian Motion. 
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We now define the integral of a process 77 G Mq{0,T) with respect to {B). 
Firstly, we define a mapping: 

pT N-l 

Qo,T{ri) = / Vtd{B)t := ^ - {B)t,) : ^ 

do 


Furthermore, we have the following lemma, which allows as to extend this map¬ 
ping to M^(0,r). 

Lemma 2.14. For each tj G Mg°(0,T), 

E[| / 'qtd{B)t\]<a-‘^t\l \rit\dt]. 

Jo Jo 

Here two properties w.r.t {B) and its integral which would be used in the 
next part. The proof can be found in [6]. 

Proposition 2.15. (i) for r] G Mq(0,T), we have 

E[( r i^tdBtf]=nr if,d{B)t]. 

Jo Jo 

[ii) for each fixed > 0, {B)t+s — {B)s is identically distributed with {B)t 
and independent from fig- In addition, {B)t is N(\qff't,d‘^t] x 0) — distributed. 


For the multi-dimensional case. Suppose {Bt)t>o be a d-dimensional G- 
Brownian motion. For each a G we can easily check that {Bf )t>o ■= (< 
Bt,a >)t>o is a 1-dimensional Ga-Brownian Motion, with Ga{a) = ~ 

cr^ tC(~), where ^ = 2G(aa^) and t = —2G(—aa^). Then the related 
integrals with respect to Bf and {B°‘)t are same as the one dimensional case. 
Furthermore, for any a,d G we define the mutual variation process by 

{B\B^)t := 


We can prove that for a sequence of partition 7r",n = , of [0,f] with 

||7r"|| —>• 0, we have 


n—1 

hm - Bt.){Bf. - Bf.) = {B\B%. 

n—^oo ' ^ «+i « fc+i « 


Now we give the famous ltd's formula in G-framework. More recent pro¬ 
gresses can be read from [3]. 

Theorem 2.16. (G-Ito's Formula) Let ^ be a twice continuous function on 
R" with polynomial growth growth for the first and second order derivatives. X 
is a ltd process, i.e. 

Xf = X!f + f ays + f vyd{B\ B^)+ f p:^dBi 

JQ JO JO 
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where 1^=1, n, i,j = 1, d, are bounded processes in Mq{0, T). 

Here repeated indices means summation over the same indices. Then for each 
t > s > 0 we have in LQ^flt) : 




t pt 




3 Complex Sublinear Expectation 


Here we try to define a sublinear expectation under complex case, which means 
we have to decide what’s ’’sublinear” here. From here on, when we compare 
two complex numbers, we compare them as real vectors. What we do here 
is to connect the G-expectation with complex analysis, so we define complex 
sublinear expectation in the following heuristic way. 

Given a set fl and a linear space % consisting of real valued functions on H, 
we suppose 'H is a vector lattice and consider the following set of functions on 


He = {X + iY\X,Y e H}, wherei^ = -1 


Definition 3.1. Suppose (H H E)js a sublinear space, we define a function Ec 
from He to complex field as: 


Ec : TLc t C 


X + iY ^ E[X] + iE[y] 

Remark 3.2. Notice that for any Z G T-Lc; Z has a unique expression as X+iY, 
so Ec in well defined. 

Here are some basic properties o/Ec.' 

(i) constant preserving: 

Ec(z) = z, V z G C 
{ii) positive homogeneity: 

Ec(AZ) = AEc(Z), A > 0 ZgUc 

(iii) constant transferability: 

Ee[Z + c) = Ec(^) + c, c G C Z G He 

(iv) monotonicity: 

^c{Zi) > Ec(.^2) if Z\ > Z 2 
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(ii) convexity: 

^c[aZi + (1 — 01 )^ 2 ] < aEc(^i) + (1 — a)IEc(^2), a € [0,1] 

Remark 3.3. Conversely, given some properties of the complex expectation, we 
can define the sublinear expectation in a more general version: 

Ec : Tdc C 


satisfying 

Ec[-^] G E for any X G H 

and 


{i) Ec(c) = c, Vc G C 

{ii) Ec(^i) > Ec(^2)j Zi > Z 2 , Z\, Z 2 G 'He 
{Hi) Ec(^i + Z 2 ) < Ec(^i) + Ec(^2) 

{iv) Ec('^'^) = '^Ec(^), A > OA G K 

{v) tc{Z) < Ec{X) + iEc(r), Z = X + iY 

If (v) in the above is changed to an equation, we get the same sublinear 
expectation as definition (3.1) by the representation theorem in the real case. 

Remark 3.4. For each ip G Ci,iip{C), we suppose (p{x + iy) = (pi{x,y) + 
iip 2 {x,y). Then we have ipi{x,y) G Also, if ipfx,y) G Ci,up{^^), 

i = 1 , 2, we have (p{x + iy){:= fi{x, y) + i(p 2 {x, y)) belongs to Ci,iip{C). 

Definition 3.5. Suppose Z = {Z\, ■ ■ ■ , Zn) a n-dimensional vector on the com¬ 
plex sublinear space (fJ, He, Ec). The functional from Ci,iip{C^) to C defined 
by 


Eziip) := Ec[<p{Z)] 

= E[g:,{X,Y)]+E[g,2{X,Y)], (3) 


where ip G C'i./ip(C") and (p{x + iy) := ipi{x,y) + iip 2 {x,y), is called the dis¬ 
tribution of Z under Ec. Also, the triple (C", C'i.jip(C"), F^) forms a complex 
sublinear space. 

Definition 3.6. Two n-dimensional random vectors Z\ and Z 2 defined on two 
complex sublinear expectation spaces (iAi, Hp, E^) and {fl 2 , H^, E^) respec¬ 
tively, are called identically distributed if 

^c[t{Zi)\ = Ec[ip{Z 2 )\, for any ip G C'i.j*p(C"). 


Such relation is denoted by Z\ = Z 2 . 
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Proposition 3.7. Let (f2, Ttc, Ec) he a complex sublinear expectation. Zi, Zi 
are two random variables and Zi satisfies 

Ec[^2 ] = —Ec[—^2] 

Then we have 

Ec [Zi + cZi] = Ec [2'i] + c Ec [Zi], for any c e C. 

Proof. Suppose Zi = Xi + iYi, Zi = Xi + iYi, c = x + iy, where Xi,Yi G 
and x, ?/ G R. Since Ec[.^2] = —Ec[—^2], we have 

e[X2] = -e[-X 2], E[r2] = -E[-r2] 

This leads to 

E[X + aXi] = E[X] + a E[Xi] , /or a G R, X G 
and similar result for 12- 

Ec[Zi+cZi] = Ec[{Xi + xXi - yYi) + i{Yi + xYi + yXi)] 

= E[Xi] + a;E[X2] — yE[Yi] + iE[Yi] + ixE\Yi] + iyE[Xi] 

= Ec [Zi ] + cEc [Zi] 


□ 

Another important definition in sublinear expectation is the independence. 
Since our main purpose is to connect real sublinear expectation with complex 
analysis, we hnd the following definition does this job. 

Definition 3.8. In a complex sublinear space (fl, 'Hc^ Ec), a random vector 
Zi G Ttc is said to he independent from another one Z\ G TL^ if for each test 
function tp G we have 

Ec[<p{Zi, Zi)\ = Ec[Ec[<p( 2, ■^2)]z=Zi] 

Here is an important lemma to connect the complex case with the real one. 

Lemma 3.9. Let Zi = Xi+iYi, Zi = Xi+iYi, where Xi, Yi G Tt", Xi, Yi & 
TL^. Then Zi is independent of Zi if and only if (Xi, Yi) is independent of 
{Xi, Yi) under E. 

Proof. If Zi is independent of Zi, we need to show that for any p G C'i.Hp(R^”''’^'") 
we have 


E[‘p(-Ai, Yi, X2, F2)] — E[E[(/ 5 (a;, y, X2, Y2)](a:,i/)=(Xi,Yi)] 

For any fixed p G we take := p + i ■ Q = p, which belongs 

to Q.np(C”+™). 
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By the definition of independence under complex case, we have 


E[(^(Xi,Fi,X2,y2)] = EcmZi,Z2)] 

= ]Ec[Ec[' 0(2:, ^2)]z=Zi] 

= Ec[E[<p(a;, y, X 2 , ^^2)](x.y)=(Xi.Yi)] 

= E[E[v?(a;, y, X2,Y2 )\(^x,v)={Xi,Yi)\ 

For the backward implication, if G C'i,Hp(C™+"), we suppose ip = + 

iip 2 , wheretfi, ip 2 G 


EcYp{Zi, Z 2 )] 


E[^i (Xi, Fi, X2, F2)] + in^2 {Xi , Fi, X2, ^2 )] 

E[E[(/Ji(x, y, X 2 , Y 2 )](x,y)={Xi,Yi)\ + tE[E[(/?2(a::, y, X 2 ,Y 2 )](^x,y)=(Xi,Yi)] 
Ec[E[(/5i(a:, y, X 2 , Y 2 )](x,y)=(Xi,Yi_) + iE[ip 2 {x, y, X 2 , Y 2 )](x,y)=(Xj_,Yi)\ 
Ec[Ec[</?(z, ^2)]2 =Zi] 


□ 

Remark 3.10. (Completion of Complex Sublinear Expectation Space) For a 
real sublinear expectation space (fl, %, E), we denote the completion 

of the real sublinear expectation space under norm (E[| • 1^'])^/^'. Then we define 
TL^ = {X + iY \ X,Y G Tl^}, and it is also a banach space under norm 
(E[| • |P])^/P by the completeness of Up. 


4 Complex G-normal distribution and G-Brownian 
Motion 

Here we define the complex G-normal distribution and G-Brownian Motion. 

Definition 4.1. (Complex C-normal distribution) A d-dimensional random 
variable Z = (Zi, • • • , Zy) on a complex sublinear expectation space (H, Tic, I^c) 
is called complex G-normal distributed if 

aZ -\-bZ = \/ of b'^Z, for a,b >0 
where Z is an independent copy of Z. 

Example 4.2. Suppose Z is a complex G-normal distributed variable. By the 
definition of the complex G-normal distribution, is also normal distributed, 
which means a change of the argument of a complex G-normal distributed vari¬ 
able is also G-normal distributed. 

Remark 4.3. By the definition of identically distributed and lemma(3.9), Z = 

X -\-iY is complex G-normal distributed if and only if {X,Y) is G-normal dis¬ 
tributed in (H, TL, E) 
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Remark 4.4. If we define uj{t, z) := ^ci'-piz + y/tZ)], where ip G Cb.iip{C‘^), Z £ 
and Z is complex G-normal distributed, we have 


Uj{t + s, z) 


^cVp{z + \/t + sZ)] 

]Ec[(/?(z + \fsZ + ''^tZ)] 
]Ec[IEc[<p( 2: + y/sc + \t^Z]c=z] 
]Ec[a;(t, z + ^/sZ)] 


Ifuj{t,z) is continuously differentiable on t, complex differentiable on z, and has 
at most polynomially growth at infinity, thanks to proposition (3.7), we could 
get a Gc heat equation: 


dtuj{t, z) - Gc{D 20 j{t, z)) = 0 

where Gc(c) = ^^c[cZ'^]. Here we should notice that G, which has 4 parame¬ 
ters, could determine Gc, a 3-parameter function and the converse is not usually 
true. However, there are conditions under which G and Gc are mutually deter¬ 
mined, such as Z = X -\- iX, where X is the independent copy of the G normal 
distributed variable X. 

Now we can turn to stochastic analysis. Let’s start with complex G-Brownian 
Motion. 

Definition 4.5. complex G-Brownian Motion A d-dimensional process 
is called a complex G-Brownian Motion if the following are satisfied: 

(i) Bq{uj) = 0 

(ii) For each s,t >0, the increment Bt+s — Bt is complex G-normal distributed 
and is independent from [Bt.,, Bt^ ,■■■ , Btff), for any n G N and 0 < ti < t 2 < 

■■■<tn<t. 

5 Stochastic Integral and Related Stochastic Cal¬ 
culus 

Definition 5.1. For each T G [0,oo), we set Lipschitz cylinder functions as: 

Lipci^r) ■= Bt 2 /\T, ■ ■ ■ , : n G N, ti, • • • , G [0, oo), p G 

where {Bt)t>o a complex G-Brownian Motion. It is clear that Lipcfflt) Q 
Lipcfflr) for t < T. Also, we let Lipcffl) := U^i Lipcffln)- Then we have a 
complex sublinear expectation called complex G-expectation as: 

Ec[-] : Lipcffi) I—C. 

Remark 5.2. The corresponding conditional expectation also explains itself as 
the real case. 

To complete Lipcfflx), we need a small lemma to define a norm on it. 
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Lemma 5.3. (fi, "H, E) is a real sublinear space. Then || • || := (Ej • |^)p,p > 1, 
defines a norm on (f 2 , 'He, Ec). 

Proof. The proof is similar as the classical one, so we omit it. 

□ 

Remark 5.4. We define a norm E[| • |p]p on Lipc(fl) and denote LQ{n)c as 
the completion of linear space LipciVL). Also, Pq{TIj-)c explains itself. Then 
we have the following. 

Proposition 5.5. The completion LFq{TIt)c of Lipc{TLT) under norm E[| • |p]p 
have the following expression: 


L^i^T)c = {Cl + *61 6,6 6 
under norm E[| • where LFq(VLt) is the completion of 


Lip{VtT) • • • , • • • , B).J^j,)\n G N, £ Ci,iip 


?(i) 


?(i) 


( 2 ) 


?( 2 ) 


^dx2n 


)} 


and Bt = B^^^ + iB^^ is the complex G-Brownian Motion. 

Proof. For any 6,6 G Lip(TlT), without loss of generality, we can suppose they 
have the same form as 6 = ^ B^'^\j., ■ ■ ■ ,B^l\j,), 

where ipi G i = 1,2. Then we can take ip = (pi +i(p 2 and conclude 

that Cl + *C 2 G Bq{Qt)c- The forward inclusion follows from facts (z) Lip{TlT) 
is dense in Lq{Qt) and {ii) Lq{Qt)c is complete. 


For the converse inclusion, notice that for any ip G Ci,iip{C‘^^^), p has a 
unique decomposition p = pi + ip 2 where pi,p 2 S It means 

Lipci^r) C (Cl +*C 2 |Ci,C 2 e L^(flT)} by the completeness of (Ci + *C 2 |Ci,C 2 € 

Llinr)}. □ 

Now we can define ito's integral by starting from simple processes as the 
following: for a partition II = (to, ti, ■ • • , tAr} of [0, T], we define 

where Cfc G LQ{^}tk)c, fc = 0,1, 2, • • • , N—1 are given. We denote these processes 
byMg’°(0,r)c. 

Definition 5.6. For any ge Mg’°(0,r)c, with the form ptiuj) = Cfc (w)-f[tfc, 4 ^+ 1 ) (0, 
the related Bochner integral on [0, T] is defined as natural as: 

pT n-i 

/ r]t{uj)dt := ^ Cfc(w)( 6+1 - 6 ) 

fc =0 
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Then we can complete the space Mg°(0,r)c under norm 
II ■ IIm ■= {^[/o^ I ■ \^dt]}p and denote the completion as Mq{0,T)c. Similar as 
L^Q{ilT)c, Mq{0,T)c has the expression: 

MU0,T)c = I e Mg( 0 ,T)} 

where Mq{0,T) is the corresponding space in real case. 

Definition 5.7. For a t] G Mq^(Q, T)c of the form 

rjtiio) = fk{F>)I[tk,tk+i){^) 

ITe define the ito integral as the following operator /(•) : Mq^(0,T)c ^ 

Lq{Qt)c os following: 

„T N-l 

I{v)= / VtdBt := - -StJ, 

do 


where Bt = + iB^^^ is a Brownian Motion. 

Proposition 5.8. For the mapping I : Mq°(0,T)c >—>■ LiQ{VLT)c, we have: 

Ec[[ r]tdBt]=0, 

Jo 


£[ 1 / ptdBtl'^] < 16 K^ f |? 7 tpdt], 

Jo Jo 

where K = (al +d|), dl := := ]E[(Bf^)2]. 

Proof. We denote 


ABj — Bt,,^ Bt. 


ABf =B'i> -B'i\i = 1,2 

3 ^j + i ’ ’ 


?(d 


(i) 


For (4), we notice Ec[/q' PtdBt] = EcEfco^ 


( 4 ) 

( 5 ) 


Ec K, AS,] = Ec ) (AS W + lABf ^)] 

= E[^f ^Ab]^^ - ffABf] + iE[^]^^ABf ^ + if^ABf\ 

Also, we have Asj^^] = 0, fc = 1, 2. By proposition (3.7), these equations 
imply the conclusion. 
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For (5), firstly notice 


N-1 

nf VtdBtl^] = E[| -cf Asf) + *(ef Asf+^f Asf))]|2] 

do 

N-1 N-1 

< E[( ^ (ef Ai?f - Asf ))2] + E[(^ + Cf Ai?f ))2] 

j^O j^O 

N-1 N-1 N-1 

< 2[E(^(^WAi?f))2 +E(^(ef Ai?f )f +E(^(ef Ai?f ))2 

j=0 j^O j^O 

N-1 

+ E(^(cf Asf)))2] 

3=0 


Also, we have 




= 0 , 


where I > j, andi, k,m,n = 1, 2, 
and 

fT 


T N-1 

Jo 

We only need to show 

N-1 N-1 

E[[^ (^]'^Ai?«)]2] < 2A'E[^ + (CfV)(^,+i - tj)], 

3=0 j=0 


and the others are similar. 

Notice that 

E[(^]'))2(As]'))2 + (cjVi)2(Ai?]y)2] = 


< 


E[(ef )2(As]'y + (e]^\)2E[(As]^\)2|Ot,+i]] 
E[(ef)2(AB]'V + )^(t,+2 - i,+i)] 

E[E[(^y)2(Asy)2+d2(^y\)2(t^.+2 _ 
E[E[(^y)2(As]'yiotj+E[d?(c(y)2(t,+2 - 
E[(ef - t,) + E[dl{^^_^Nit3+2 - i,+i)|a,]] 

-tj)+ d-i(Cj+i)^(tj+2 - tj+i)]. 
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Then we have 


N-l 


N-1 


N-l 


E[[^(CWabW)] 2] < 2E[^(ef )2(Ai?f))2] +2E[^(^f )2(Asf )2] 


3=0 


3=0 3=0 

< 2a?E[^'[((e]'))2 + (?f )^)(t,+i - t,)]] 

i-0 

N-l 

+ 2a|E[^ [((ef + (?f )^)(t,+i - t,)]] 

i-0 

N-l 

3=0 


< 


□ 

So we can extend the stochastic integral mapping I from Mq°(0,T)c to 

M2(o,r)c. 

Definition 5.9. For a ij € Mq{0,T)c, the stochastic integral is defined as 

'■= / l[ 8 ,t]{u)'nudBu, 

Jo 

where I is the extension of the former integral mapping from Mq{0,T)c to 
L‘q{VIt)c by Hahn-Banach extension theorem. 

Naturally, we have the following basic properties. The proof is trivial. 

Proposition 5.10. For ?7,C G Mq{Q,T)c, and 0<s<r<t<T, we have: 

(i) J*r]udBu = J^PudBuF J^PudBu- 

{a) J*{apu+Cu)dBu = a f* PudBu + f* (udB^, where a is bounded in Lq{Qs)c- 
{Hi) Ec[Z + PudBu\^s\ = Ec[^|f^s], for Z e Lq{Q.t)c 

Now we turn to Quadratic Variation Process of complex G-Brownian Motion. 
For a complex G-B.M. Bt, notice 



N-l 

Bt = X! ^BtN{BtN - Bjn) + 

( ^ 3 J +1 3 


N-l 

H (%+i - 

3=0 


for a partition Hat of [0,t]: 0 = to < tN = t. As ||nAr|| —>• 0, by 

independence under complex framework, we can show that 


N-l 2 pt 

2BtN{BtN - B^n) 2 / BudB, 

j=o ' ' “'o 
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so by the completeness of Lq{^})c, ~ must also converge in 

L%{n)c. 

Definition 5.11. By the argument above, we define 


N-l 


{B)t ■= lim y^(B,N -B,Nf 
= Bf - 2 f BrdBr, 

Jo 

and call (B) the quadratie variation process of complex G-Brownian Motion. 

Remark 5.12. Since L^{flT)c = {Ci+*C2| £. 1,^2 & we can similarly 

show that 

[ ptdBt = [ 

^0 -'0 

= {[ - f +i[ / ^ + / 

Jo Jo Jo Jo 

Furthermore, an algebraic calculation tells: 

{B)t = (4') + iRf V - 2 j\B<d) + iBf'^)d{B<d) + *r(2)) 

= (R«)2-(Rf))2 + 2zRf)R("^ 

- 2[[ B^^Ub^^'> - [ R(2)^5(2) / 5(i)dB(2)+j/ r(2)^^(i)] 

^0 Jo Jo Jo 

= [(r('V - 2 f B^dBi^^] - [(RpV - 2 f 

Jo Jo 

+ 2z[Rf - J* R(i)dR(2) _ Rp)dR(i)] 

= (R«)t-(R(2))t + 2^(R(l),R(2))^ 


Here are some basic properties of (B). For simplicity, we denote 

t, = (R«,Rp^) 


_ ^ 



{B)t = 

V (RW,R(2)^^ 



Remark 5.13. Since Bt is a two dimensional G-Brownian Motion, {B)t is 
maximal distributed, so are Re{B)^ and Im{B)^. Then we can similarly define 
maximal distribution under complex framework in a trivial way. Then, of course, 
{B)^ is maximal distributed. 
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Lemma 5.14. For s,t > 0, — {B)^ is identically distributed with {B)^ 

and independent from Qg. 

Proof. Notice {B)t = — {B^'^'>)^ + 2i{B^^\ B^'^'>)t, and by the definition 

of independence we have the conclusion. □ 

Then we need to define integral with respect to {B)t. Firstly, we define the 
map J from Mq°(0,T)c to Lq(Ot)c: 

T N-l 

J(p) = / rjtd{B)t := ^ - {B)t,), 

Jo 


where ?7t(w) = and then by the following lemma, we 

could have r]td(B)t for pt £ M^(0,T)c. 

Lemma 5.15. For pt = ^k=o^kIit^:M+i)i't) ^ ^g(0,F)c, 

]E[| J(?7)|] < 4(d-^ + + 2al)t[ [ \ 7 jt\dt], 

Jo 


where af = supAgs jcr^l, i = 1,2,3, and G{A) = i supAgs(^) A), 
bounded closed convex subset of 2 x 2 symmetric matrix and A = 


with E 

2 2 

erf ai 
2 2 

erf 


Proof. We denote 


Atj 

A(S), 

A(i?W), 


tj+i tj 


{B)tj+i - {B)tj, 
{B(%^,-{B^%^,^ = 1,2, 


We have E[|^jA(i3)j|] < E[|iie(^j A(i?)j)|] + E[|/TO(^jA(il)j)|] and then 


E[|i?e( 0 A(i?),)|] 

= E[|eWA(B(i))j - - 2f^^^A{B^^\B^^'>)j\] 

< {af + al + 2a2)E[Atj{\fj + ^ 1 )]- 

The similar result holds for Im{^jA{B)j)^ so we have 


N-l 

E[|^0A(B),|]<2(df 

3=0 


+ erf + 2erf)E[Atj(|^ 


W, 


lefl)]- 


The inequality |a| + |6| < 2^/a? + 6^ would finish the proof. 


□ 
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Proposition 5.16. Here are some properties for the integral with respect to 
(B). 

(i) For 0 < s < ^ € LQ(fls)c, Z G LQ(fls)c, we have 


Ec[Z + - Bl)] = Ec[Z + f{{B)t - {B)s)] = Ec[^ + - B^f] 

{ii) For g G Mq'^(0,T)c, we have 

tc[( r ptdBt)^]=Ec[r Vtd{B)t] 

Jo Jo 


Proof. For (i), by the definition of {B)t and proposition (3.7), we have 


Ec[Z + a{B)t-{B)s)] 


Ec[Z + ^{B^ - B^^ + f BrdBr)] 

J S 

Ec\Z + f{Bl-Bl)] 

Ec[^ + f{{Bt - Bsf + 2Bs{Bt - B,))] 
Ec[Z + f{Bt - Bsf] 


For (a), notice Ec[Z + - Bt.)^i{Bti^^ - BjJ] = Ec[Z] and then 



gdBsf]=Ec[{Y.^j{Bt 


N-1 

E 

j=0 




By (i), we would have the conclusion. 

□ 


6 Complex ltd Formula and Conformal G-Brownian 
Motion 


Now we turn to ltd formula under this framework. Firstly we need to set some 
basic definitions. 


Definition 6.1. For f = u + iv differentiable with real part u and imaginary 
part V, we define operator df and df as: 


5 1 ( 9 / .df _ I du dv . dv du 

^ dz^ 2^dx ^ dy^ ~ 2^dx^ dy^'^^dx dy^^ 


dz^ ' 2^dx 


,9/ 1 9rt dv . dv du 
dy 2 dx dy dx~^ dy 


)) 


Remark 6.2. For Bi = + idiB^^f i = 1,2, where at^di S 


( 2 ) 


and 


B^'^ FiB^'^ is a complex G-Brownian Motion, we have {aiB^\ diB^^) is also 
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a two-dimensional Gi-Brownian Motion, so Bi is also a complex Gi-Brownian 
Motion. Then we can define 


(Bi, B 2 )t := + B2)t - {Bi - B2)t). 


and we have 


= {aiB^^^+iPiB^^\a2B^^^ +il32B^^^)t 

= i[((ai + a 2 )B^^^ + i{f3i + P 2 )B^‘^^)t - ((«! - 0 ^ 2 ) 8 '^^^ + i[Pi - P 2 )B‘^‘^^)t] 

= i[((ai + a2)B^^'^)t - ((/?i + P2)B^‘^'^)t + 2i{{ai + a2)B^^\{l3i + P2)B^‘^^)t 

- ((ai - a2)B<^^^)t + ((/3i - P2)B^‘^^)t - 2i{{ai - a2)B^^\ (/3i - ^ 2 ) 5 ( 2 )),] 

= aia2{B^^'>)t - PiP2{B''‘^'>)t + i{aifi2 + /3iq;2)(S‘'^\ 

In particular, {B, B)t = {B^^'>)t + {B^^^)t. 

Furthermore, ps{Bi, B2)s also explains itself. 

Theorem 6.3. (Complex Version of ltd's Lemma) For 


Zt — F f Ugds + 
Jo 


r]sd{B)s 



PsdBs, 


where a, (3 ,77 are all bounded processes in Mq{0, T)c, and any function f, which 
is twice continuously differentiable and satisfies polynomial growth condition for 
the second order derivatives, we have the following equation in LQ{nt)c, Vt > 0 : 


f{Zt)-fiZo) = [ df{z,)dZs+ [ df{Zs)dz,+ [ ddf{z,)d{z)s 

Jo Jo Jo 

+ f ddf{z,)d{z)s + 2 f ddf{z,)d{z, Z)s 

Jo Jo 

= f {dfas + dfdis)ds + f dfPsdBs + f dfjJsdBs + [ dfr]sd{B)s 

Jo Jo Jo Jo 

+ f ddfPld{B), + f ddfPld{B)s + 2 f ddf\Ps\^d{B, B)s 
Jo Jo Jo 


dffjsd{B)^ 


Proof. Notice (B)^ = {B^^'^)s —{B^‘^'>)s — 2i{B^^\B^‘^'>)s. The proof can be done 
by a review of itd formula in the real case and a careful algebraic calculation. □ 


Remark 6.4. The first equation in the above theorem is formal to avoid the 
complex structure of the second equation. See [9], [10]. 
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Remark 6.5. If f is twice continuously differentiable, we have 

and further ddf = ddf = ;|A/, where A is the laplace operator, i.e. A := 

^dx) ^ ydyl ■ 

We know that a complex G-Brownian Motion can be viewed as a two- 
dimensional real G-Brownian Motion, which includes too many elements to get 
better properties. Here is a special kind of complex G-Brownian Motion, called 
conformal G-Brownian Motion, which is the main object of complex stochastic 
analysis. 

Definition 6.6. A complex G-Brownian Motion is called a conformal G-Brownian 
Motion if {B)t = 0 in for any t > 0. 

Remark 6.7. Notice {B)t = 2i{B<^^'>, so {B)t = 0 

if and only if {B^^'>)t = and {B^^\B^^'>)t = 0. This means the real part 

and the imaginary part moves as the same rate (identically distributed) and 
they are irrelevant. In the classical case, a complex Brownian Motion is surely 
conformal, since its real part and imaginary part are independent. However, 
things are a little different under G-framework. We cannot say and 
are independent under G-framework. 

Example 6.8. For a random vector X = (Ai,A2), where Xi is a real G- 
normal distributed variable with cind X 2 is an independent copy of 

Xi, we can claim that X fails to be a real G-normal distributed vector, which 
can be easily checked by the definition of real G-normal distribution. In fact, 
if X = {Xi,X 2 ) is an independent copy of X, X 2 is independent of Xi by the 
definition of independence, so for p{x,y) = x^y, we have 


E[(p{X+X)] 


E[(Ai+Ai)2(X2+A2)] 
E[A2+d2 - Xfa^] 
{a^-af)t[X+] 
i(d2-a2)E[|A2|]>0 


while EYp{'/2X)\ = 0. 

This means a nontrivial two dimensional G-normal distributed vector fails to 
have independent elements, so does a complex G-normal distributed variable. 

Before giving a description of complex G-conformal Brownian Motion, we 
need a simple fact. 

Lemma 6.9. If X is a real maximal distributed n-dimensional vector and sat¬ 
isfies 

E[<^(A)] = <^(0) 

for any ip € C/,hp(K"). Then we have A = 0, q.s 
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Proof. Take ip{x) = \x\'^. Since X is maximal distributed, 

]E[<p(X)]= sup {Xl + --- + XI) = Q 

where y is a convex closed subset of R” (see remark(2.5)). It must be F = {0}, 
and we have the conclusion. 

□ 


Here is a description of conformal G-Brownian Motion. 

Theorem 6.10. A complex G-Brownian Motion Bt is conformal if and only if 
G(-) has the following expression : 


G{A) := n'BtAtt'^] = i sup(H, A) 

^ AeE 

where E = { ^ ^2 ^ > 0. 

Proof According to remark (6.7), the only if part is simple. In fact, if we denote 



since {B^^'>)t = {B^^'>)t and {B^^'>, B^^'>)t = 0, we have 


lE[/((5^^^)t - = sup f{a\ - aj) = /(O) 

AeE 


and 

t[g{{B^^\B^‘^'^)t)] = sup g{al) = g{0), 

AeE 

for any f,g€ CrupfR). It follows that E must have the above expression. 
For the if part, notice Bt is uniquely determined by G{A), and 



E[ip{{I^t)] = sup(p(A). 


Age 

We have 

]E[<p((B(^))t - (B^^^)*)] = sup (p(cr^ - 


Age 

and 

E[ip{{B^'^\ B^^'^)t)] = sup<p(0) = 
Age 


for any ip S G/,iip(R)- By lemma (6.9), we get the conclusion. 


□ 


We give the definition of G-martingale under complex case in a trivial way. 
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Definition 6.11. For a complex process {Mt)t>o, it is called a complex G- 
martingale if Mt G LQ(flt)c, and 

Ec[Mt\ns] = Ms, 


for 0 < s < t. 

Here is a property of analytic function, which we will use in the next. 

Lemma 6.12. / is continuously differentiable complex function. Then f is 
analytic if and only if df = 0. In this case, 

f'{z) = df{z), 

here f'{z) means the derivative of f in the complex sense. 

Proof. Notice that 9/ = 0 if and only = ^ ^ = when f = u + iv. 
The conclusion follows from Cauchy-Riemann equation. 

□ 


Corollary 6.13. Suppose Bt is a conformal G-Brownian Motion, and f is 
analytic. Then f{Bt) is a symmetric complex G-martingale. 

Proof. In this case, by itd's formula and the above lemma, we have 

f{Bt)-fiBo)= f f'iBs)dBs. 

Jo 

□ 


Example 6.14. Suppose Bt is conformal. Then B^ is a martingale. In face, 
Bt = -I- 2iB[^'^B^\ so we have 

= E[(h(iV - (Rd)), - ((HfV - (i?(2)),) + 

= + 2iHf 

= B^s 


In fact, we can take this conclusion further to get the conformal invariance by 
considering martingale with the form Mt = p^dBu, where 77„ G Mq{0,T)c. 
Since Mt is a symmetric martingale, we can define the quadratic variation in the 
old fashion way: the limit point under norm of and then we would 

have ^ 

{M)t = [ pld{B)s. 

Jo 

Definition 6.15. A complex martingale Mt is conformal if {M)t = 0. 
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Obviously, a conformal G-Brownian motion is a conformal martingale. Fur¬ 
thermore, we suppose t]u G Mq{0,T)c- If Bt is conformal, by ito's lemma and 
B-D-G inequity, we have Mf = 2 Msr]sdBs, so {M^)t = 4 M^r]'^d{B)s. 

Notice d{M)s = r]‘^d{B)s, and we get {M‘^)t = 4 J* AI^d{M)s. In conclusion, we 
get: 

Corollary 6.16. Bt is conformal and Mt is defined as above. Then Mt,Mf 
are conformal martingales. 

Corollary 6.17. If Mt = J^rjsdBs is conformal, with values in an open set 
E, and f is a bounded analytic function with bounded first order derivative on 
E, polynomial growth of the second order derivative, then f{Mt) is conformal. 
Furthermore, 


{f{M),f{M))t = f f\M,)f'{Ms)d{M,M), 

Jo 

Proof. By ito's lemma, f{Mt) = f {Ms)rjsdBs, so 

{f{M))t = l\f\M,)fpld{B), 

Jo 

= f{f'{Ms)fd{M)s 
Jo 

= 0 

The equation follows from the fact that f{M) is also a symmetric martingale. 

□ 
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